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$L$ $v$ (<v, $v>=2$ )
$\phi_{v}$ : $uarrow u-<v,u>v$
2 -
$M$ $v$ \phi $M$
3-
$\forall\phi_{v}$ , $\phi_{w}$ , $|\phi_{v}\phi_{w}|\square 3$
$S_{n}$ $(i,j)$
$A_{n}$ 3-










2 $2A$- 2 9




9 $\hat{E}_{8}$ ( 0
)
, [$\mathrm{L}\mathrm{a}\mathrm{m}$ , , ] $\hat{E}_{8}$ $\mathrm{N}\mathrm{f}$
.














$\Phi_{U}=(\begin{array}{lll}-I 0 -2A0 -I 00 0 I\end{array})$ ,
$\Phi_{W}=(\begin{array}{lll}I 0 00 -I 0-2^{t}A 0 -I\end{array})$
$A=(<u_{i}, w_{j}>)$
$\Phi_{U}\Phi_{W}=(\begin{array}{llll}-I +4^{t}AA 0 2A 0 I 0 -2^{t}A 0 -I\end{array})$
$\Phi_{U}\Phi_{W}$ . $A$
$\Phi_{U}\Phi_{W}$ \Phi U\Phi
$\Phi_{U}\Phi_{W}$ $p$ 1 $\mathrm{p}$ $\mu$ $\mu,$ $\mu^{2},$ $\ldots,$ $\mu^{p-1}$
1 $(H, <, >)$ ) $\sqrt{t}H$ <a, $b>_{t}=t<a,$ $b$ > $(H, <, >_{t})$
$\sqrt{t}$ $m$ $m$ $mH$ ( )
$v$ $\Phi_{v}$ $\mathbb{Q}v$ -1 (Qv)
1
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( 2 3 )
$2\cdot 1$ $\Lambda$ , Co.O \psi E8-
[Proofl $\sqrt{2}E_{8}$- 2 CO.1
2 $2A,$ $2B,$ $2C$ $2B$ Co.O 4
$2A$
$\sqrt{2}E_{8}$
$2A,$ $2B,$ $2C$ Co.O $\pm 2A,$ $\pm 2B,$ $\pm 2C$
$-2A$ 16
2
[Atlas] CO.1 $=C_{0}.0/<\pm 1>$ $\Lambda\cross\Lambda$ Co.l
$24\cross 24=1+276+299$
$2A:1+20+43=60$ $2B:1+12-13=0$ $2C:1+11-12=0$
$\pm 2C$ 2 12
$\pm$ $\pm 2B$ $i,$ $-i$ 12
Co.O 4
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: ( $\sqrt{2}$ )
2.1 E8-
8






Co.O ( CO.1) ,




$v\in V$ $v$ (n): $n\in \mathbb{Z}$
$[v(n), u(m)]= \sum_{=\dot{\mathrm{f}}0}^{\infty}(\begin{array}{l}ni\end{array})(v(i)u)(n+m-i)$
$1\in V_{0}$ $\omega$





$Y$ ( $v$ (n)u, $z$ ) $=Y$ (v, $z$ ) $\circ_{n}Y$ (u, $z$)
1 $Y(1, z)=1_{V}$ $\omega$
$d1\backslash \backslash \backslash \not\in \mathrm{i}$
$Y($ \mbox{\boldmath $\omega$}, $z)=\Sigma L$ (n) $z^{-n-2}$ (
$z^{m} \frac{d}{dz}$ )
$[L(n), L(m)]=(n-m)L(n+m)+ \delta_{n,-m}\frac{n^{3}-n}{12}c$
$Y(L(-1)v, z)= \frac{d}{dz}Y(v, z)$
$L(0)=\omega(1)$ $L(0)|_{Vn}=n$
( )
$V$ 2 $V_{2}$ $e$




vA(e) , $\mathrm{e}$ ( )




$L$ (F0), 1/2 $L( \frac{1}{2}, \frac{1}{2})$ , 1/16 $L( \frac{1}{2},1/16)$
3
$L( \frac{1}{2},0)$ $L( \frac{1}{2}, \frac{1}{2})$ 1, $L( \frac{1}{2},1/16)$ -1
$L( \frac{1}{2},0)$ $V$













(1) $L$ , $V_{L}$
$v,$ $v>=4$ $v\in L$ 1/2
$e^{\pm}= \frac{1}{4}v(-1)v(-1)1$ $\frac{1}{4}(e^{v}+e^{-v})$
$\tau_{e}\pm$ $\tau_{e}+=\tau_{e}-$ <e, $f>\in 2\mathbb{Z}$ $(\tau_{e}\pm\tau_{f}\pm)^{2}=1_{\text{ }}<e,$ $f>\in$
$2\mathbb{Z}+1$
$\tau_{e}\pm\tau_{f}\pm$ 4 $<\tau_{e}\pm|<e,$ $e>=4>$ 2-
(2) last ([Dong-Li-Mason-Norton])
$H$ $A_{n},$ $D_{n},$ $E_{n}$ $L=\sqrt{2}H$









$e^{-}(\sqrt{2}a)+e^{-}(\sqrt{2}b)-e-$ ( $\sqrt{2}$(a-b)) if $<a,$ $b>=1$
$R(H)=<$ e- $(\sqrt{2}a):a\in H_{2}>$
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(idempotent) $\omega^{H}/2=\frac{2}{h+2}\Sigma_{a\in H_{2}}+e^{-}(\sqrt{2}a)$ 1





$A_{1}A_{7}7/51/2$ $A_{8}A_{2}4/516/11$ $A_{3}E_{6}6/71$ $A_{4}E_{7}8/77/10$ $A_{5}E_{8}5/41/2$
$A_{6}4/3$
$H=E_{8}$ last $e$ $c= \frac{2\cross 8}{30+2}=\frac{1}{2}$
$3\cdot 1H^{1},$ $H^{2}$ $L$ $\sqrt{2}E_{8}$ - last $e(H^{1})$ ,
$e(H^{2})$
$e(H^{1}),$ $e(H^{2})>= \frac{1}{2^{9}}|(H_{2}^{1}\cap H_{2}^{2})^{+}|+\frac{1}{2^{8}}<\omega_{H^{1}},$ $\omega_{H^{2}}>$
$\omega_{H^{1_{f}}}\omega$H2 $V_{H^{1}},$ $V$H2
3.2 $M\cong\sqrt{2}E_{8}$ $L$ $V_{M}$ last $e$ $\tau_{e}$ $M$




$2A$- 2 $\tau_{e},$ $\tau_{f}$ $\tau_{e}\tau_{f}$ 1A, $2A,$ $3A,$ $4A,$ $5A,$ $6A,$ $4B,$ $2B,$ $3C$
9 $\tau_{e},$ $\tau_{f}$ $e,$ $f$ <e, $f>$
(by Conway)
$6A1A \cdot..\cdot\frac{256}{\frac{k^{10}}{2^{10}’}},$ $4B2A. \cdot.\cdot\frac{32}{\frac{2_{4}^{10}}{2^{10}’}},3A.\cdot\cdot\frac{13}{\frac{2_{4}^{10}}{2^{10}’}}3C\cdot,$ $4A. \cdot.\cdot\frac{8}{\frac{2_{0}^{10}}{2^{10}’}}2B5A:\frac{6}{2^{10}}$
,














$e_{24}$ )– $\rho=\frac{\Sigma e_{i}}{4}$
$\Lambda=<e_{i}\pm e_{j},$ $\frac{1}{2}(\sum_{i\in C}e_{i}),$ $\rho-e_{i}|C\in C$
$\{e_{1}, \ldots, e_{8}\}$ , $\sqrt{2}E_{8}$ ,











( $e2\sim$ e24)– $\alpha 3=-\frac{1}{2}(e19\sim e24)$
$\alpha|5=-\frac{1}{2}(e9\sim e16)$
$\alpha_{6}=\frac{1}{4}(e_{1}\sim e_{3})-\frac{3}{4}e_{4}-\frac{1}{4}(e_{5}\sim e_{8})+\frac{1}{4}(e_{9}\sim e_{16})+\frac{1}{4}(e_{17}\sim e_{2}0)-\frac{1}{4}(e_{21}\sim e_{24})|$
$\alpha 7=-\frac{1}{2}(e_{17}\sim e_{20})+\frac{1}{2}(e_{21}\sim e_{24})$
$|$
$\alpha 8=\frac{1}{4}(e_{1}\sim e_{3})+_{4}^{\underline{3}\mathrm{e}}\Delta-\frac{1}{4}(e_{5}\sim e_{8})+\frac{1}{4}(e_{9}\sim e_{11})-\frac{1}{4}(e_{12}\sim e_{16})+\frac{1}{4}(e_{17}\sim e_{20})-\frac{1}{4}(e_{21}\sim e_{24})$
$E_{8}$-
6 $E_{8}$- $(i,j)(s, t)$
$\{e_{1}, \ldots, e_{8}\}$ $H=\mathbb{Q}e_{1}+\cdots+\mathbb{Q}e8$ $s_{8}$ $\{e_{1}, \ldots, e_{8}\}$
$e_{i}-e_{j}$ $\Phi_{e_{i}-e_{j}}$ $(i,j)$
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$E_{8}$ $E_{8}$ $\mathbb{Q}E_{8}\otimes {}_{\mathbb{Q}}H$










$\Phi_{M}\Phi_{N}$ 5 Co.O $\ovalbox{\tt\small REJECT}$
$(3\mathrm{C})$ 3
$(1, 2)(3,4)\cdot(1,5)(3,6)=(1,5,2)(3,6,4)$
$\hat{E}_{8}-3C\mathrm{n}\mathrm{o}\mathrm{d}\mathrm{e}=A_{8}$ $a\in \mathbb{Q}A_{8}$ $E_{8}=<A_{8},$ $a$ \succ
$M=<A_{8}\otimes(e_{1}-e_{2}),$ $a\otimes(e_{1}-e_{2})>\cong\sqrt{2}E_{8}$
$N=<A_{8}\otimes(e_{2}-e_{3}),$ $a\otimes(e_{2}-e_{3})>\cong\sqrt{2}E_{8}$
$N+M$ $\Lambda$ $\Phi_{M}\Phi_{N}$ 3
Co.O $\ovalbox{\tt\small REJECT}$
1 $3C$ 3
$a\in H$ $E_{8}\otimes a\cong\sqrt{2}E_{8}$ $E_{8}\otimes a$
$E_{8}\otimes H$ $E_{8}$ - $H$ $a$ ( $E_{8}$
) E8-
$(3\mathrm{A})$ 3
$(1, 2)(3, 4)$ $(1,2)(4,5)=(3,4,5)$









$\hat{E}_{8}-2B\mathrm{n}\mathrm{o}\mathrm{d}\mathrm{e}=D_{8}$ $a\in \mathbb{Q}D_{8}$ $E_{8}=<D_{8},$ $a$ >
$M=<D_{8}(e_{1}-e_{2}),$ $a(e_{1}-e_{2})>\cong\sqrt{2}E_{8}$
$N=<D_{8}(e_{5}-e_{6}),$ $a(e_{5}-e_{6})>\cong\sqrt{2}E_{8}$




$(1, 2)$ $(3, 4)$ $(3,4)(5,6)=(1,2)(5,6)$ $(3, 4)$
$\hat{E}_{8}-2A\mathrm{n}\mathrm{o}\mathrm{d}\mathrm{e}=A_{1}+E_{7}$








$a\in \mathbb{Q}A_{3},$ $b\in \mathbb{Q}E_{5}$ $E_{8}=<A_{3}+D_{5},$ $a+b>$
$M=<A_{3}\otimes(e_{1}-e_{2})+D_{5}\otimes(e_{3}-e_{4}),$ $a\otimes(e_{1}-e_{2})+b\otimes(e_{3}-e_{4})>\cong\sqrt{2}E_{8}$





$(1, 2)(3,4)\cdot(\wedge 2,5)(6,7)=(1,2,5)(3,4)(6,7)$ .
$E_{8}-6A\mathrm{n}\mathrm{o}\mathrm{d}\mathrm{e}=A_{5}[perp] A_{2}[perp] A_{1}$















$(L, <, >)$ $\hat{L}=\{\pm e^{a}|a\in L\}$ $L$
1\rightarrow $>arrow\hat{L}arrow Larrow 1$
$e^{a}e^{b}=(-1)" a,b>eeba$ $L$ ) $\mathcal{H}=\mathbb{C}\otimes_{\mathbb{Z}}L$
$<,$ $>$
$\mathcal{H}$ $\mathcal{H}$
$\hat{\mathcal{H}}=\mathcal{H}\otimes \mathbb{C}[\mathrm{t}, t^{-1}]\oplus \mathbb{C}c$

























$V_{L}=K(1)\otimes_{\mathbb{C}}\mathbb{C}${L}\sim S $(\hat{\mathcal{H}}^{-})\otimes \mathbb{C}$ {L}
$(V_{L}, Y)$ $V_{L}=\Pi V_{i}$ $\Sigma\dim V_{iq}^{i}$ (
) $L$ $\Sigma_{n\in \mathbb{Q}}|L_{2n}|q^{n}$ $\Pi_{n=1}^{\infty}(1+q^{n}+q^{2n}+q^{3n}+\ldots)^{d}$
$d$ $L$
$7\cdot 2$
$v\in V_{L}$ $Y(v, z)$
$\alpha\in \mathcal{H},$ $n\in \mathbb{Z}$ $\alpha(n)$ $\alpha\otimes t^{n}$
$\alpha(z)=\sum_{n\in \mathbb{Z}}\alpha(n)z-n-1$
7.1 ( ) $\alpha(n)n<0$ $a\in\hat{L}$ $\alpha(n)n>$
$\mathrm{o},$ $z^{\alpha}$
$\circ_{-1}$ -
$E^{+}( \alpha, z)=exp(\sum_{+n\in \mathbb{Z}}\frac{\alpha(n)}{n}z^{-n})\in EndS(\hat{\mathcal{H}}_{\mathbb{Z}}^{-})[[z^{-1}]]$
$E^{-}( \alpha, z)=exp(\Sigma\frac{\alpha(-n)}{-n}z^{-n})\in EndS(\hat{\mathcal{H}}_{\mathbb{Z}}^{-})[[z]]$
n6 +
$z^{r}$
$\{_{\frac{}{dz}E^{-}(\alpha,z)}\frac{d}{dz,d}E^{+}(\alpha,z)$ $=\Sigma_{n\in \mathbb{Z}}+-\alpha-n)z^{-n1})E(\alpha,z)=(\Sigma_{n\in \mathbb{Z}}+-\alpha(n)z^{-n-1})E^{+}(\alpha,z)\}$
$7\cdot 2\alpha\in \mathcal{H}$ $E^{\pm}(\alpha, z)$
$E^{\pm}(0, z)=1$
$E^{\pm}(\alpha+\beta, z)=E^{\pm}(\alpha, z)E^{\pm}(\beta, z)$
$[h(m), E^{+}(\alpha, z)]=0$
$[d, E^{\pm}(\alpha, z)]=$ -DE\pm (\mbox{\boldmath $\alpha$},iizff)mm=\in \in (\Sigma N-nN\in \pm +\mbox{\boldmath $\alpha$}(n)z-n)El $($ \mbox{\boldmath $\alpha$}, $z)$
$[h(m), E^{-}(\alpha, z)]=0$
$[h(m), E^{+}(\alpha, z)]=-<h,$ $\alpha>z^{m}E^{+}(\alpha, z)$ if $m\in-\mathbb{Z}_{+}$
$[h(m), E^{+}(\alpha, z)]=-<h,$ $\alpha>z^{m}E^{-}(\alpha, z)$ if m\in Z
84
7.3 $\alpha\in \mathcal{H}$
$Y(\alpha, z)=E^{-}$ ( $-$a, $z$) $E^{+}(-\alpha, z)e^{\alpha}z^{\alpha}$
3 $e^{\alpha}$
[h(0), $Y(\alpha,$ $z)$ ] $=<h,$ $\alpha>Y(\alpha, z)$
$h\in \mathcal{H}$ ( $\text{ }h(0):$
$\mathbb{C}[\mathcal{H}]arrow \mathbb{C}[\mathcal{H}]$
$e^{\alpha}arrow<h,$ $\alpha>e^{\alpha}$
$z^{h}$ $z^{h}$ $e^{\alpha}=z^{<h,\alpha>}e^{\alpha}$ $z^{\alpha}e^{\beta}=$
$e^{\beta}z^{\alpha+<\alpha,\beta>}$
$\deg e^{\alpha}=-\frac{1}{2}<\alpha,$ $\alpha$ >
$7\cdot 4$ ( )
$v=a_{k}(-n_{k})\cdots a_{1}(-n_{1})\otimes\tau(a)$





$Y(, z)$ : $V_{L}$ $arrow$ (End $V_{L}$ ) $\{z\}$
$v$ $arrow$ $Y(v, z)=\Sigma_{c\in \mathbb{Z}}vnz-n-1$
$Y$ (vj) $v$
$7\cdot 3$





$\Lambda$ $G$ -1 $\Lambda$
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